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Use of a Direct Boundary Element Method for Pin-Loaded Plates

Chien-Chang Lin,* Chuen-Horng Lin," and James T. S. Wang*
National Chung-Hsing University, Taichung 402, Taiwan, Republic of China

A previously developed direct boundary element method for analyzing stresses around pin-loaded holes of com-
posite laminates has been extended with a refined and improved computationalalgorithm. The method, procedure,
and computer program are verified by elasticity solutions in polar coordinates for eyebars and plates having an
open, as well as loaded, hole. In turn, boundary tractions generated by the direct boundary element method al-
lowing direct application of elasticity solutions are presented. Such a scheme, which couples the boundary element
and analytical methods, appears to be plausible, accurate, and efficient for practical applications.

Nomenclature
a = pin radius
b = outer radius of an annulus
Cij = stiffness constants
D = hole diameter
E = Young’s modulus of isotropic material
E = Young’s modulus in direction 1
E) = Young’s modulus in direction 2

e = clearance between the hole and the pin
F; = fundamental solution for traction

G = shear modulus of isotropic material
Gi» = shear modulus in 1-2 plane
H;; = fundamental solution for displacement
= thickness of the plate

L = length of the plate
Dis Po = internal and external pressures
R = hole radius
Lo, 1ty = traction components of the hole edge
u,, Uy = radial displacement and circumferential

displacement
Uy, Uy = displacement components of the hole edge
w = width of the plate
o = one-half of the total angle of contact
B = one-half of the total contact angle

of no-slip regions
) = pin displacement
% = coefficient of static friction
v = Poisson’s ratio of isotropic material
Vi = Poisson’s ratio in 1-2 plane
0,, 0y, 0,y = Stress components
¢ = polar angle with respect to the hole center
¥ = polar angle with respect to the pin center

I. Introduction

IN-LOADED plates of isotropic and composite materials have

beeninvestigatedby many authors. Analyticalmethods' > were
generally used in earlier studies on stress analysis of the problem.
In the investigationsconcerning strength and failure of a pin-loaded
plate® !0 and analyses involving multiple holes,'!*!? finite element
methods were used. Waszczak and Cruse'’ modeled pin-loaded
plates by a finite element method to assess various failure limits
using experimental data provided by General Dynamics Corpora-
tion. Boundary element methods'#* !> have also been developed and
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used for pin-loaded composite plates. In all of these studies, the
contact stress between the pin and the hole is assumed to vary as a
cosine function of the polar angle for smooth pins. Whereas such
a preassumed variation of the contact stress around the hole edge
deviates from the true distribution, it greatly simplifies the analysis.
There are studies accounting for the interactionbetween the pin and
the hole. Hyer and Klang'® and Hyer et al.!” used a complex Fourier
series in conjunction with boundary collocations. Yogeswaren and
Reddy'® and Rahman and Rowlands!® used a Lagrange multiplier
method. Finite element methods,**~2? as well as a boundary element
method,” have also been used. Some experimental studies can be
found in Refs. 24-27.

A directboundary element method was established and used suc-
cessfully by Lin and Lin?? in the study of stresses around pin-loaded
holes of composite laminates. Although the numerical results pre-
sented by Lin and Lin* are physically consistent and reasonable
and agree well with other existing solutions by Hyer and Klang,'6
the method and level of accuracy have not been verified in any
way. Also, the procedure and computational algorithm established
earlier by Lin and Lin?® only allow the determination of stresses
around the edge of the pin-loaded hole. In this study, the method
has been extended to include the determinationof stresses as well as
displacements at any point in the plate, and the computer program
has been modified somewhat for improving the computational ef-
ficiency. Whereas the refined direct boundary element method has
shown its effectiveness for determining stresses and deformation
of pin-loaded laminates, it is necessary and desirable to somehow
assess the level of accuracy and provide added confidence in the
method. A number of simple cases with readily known elasticity
solutions are considered for verification purposes. In turn, when
tractions and/or displacements along two concentric circles deter-
mined from the boundary element method (as shown in Fig. 1) are
properlyrepresentedby continuousfunctions, stresses and displace-
ments can be routinelyand accurately determined from the elasticity
solutionsin the regions boundedby these two concentriccircles. Al-
though the displacementsand stresses in the pin-loaded plate can be
calculated by the boundary element method once the boundary trac-
tions and/or displacements are determined, it often requires some
judgement and experience in using the boundary element program
and numerical integrations involved in the process. This is particu-
larly true for computing displacementsand stresses at interior points
close to or on the boundary. Hence, it appears to be easier and more
direct by specifying the tractions and/or displacements along two
concentric circles on the basis of the boundary element solutions
and subsequently using the elasticity solutions for points between
these circularboundaries. Such a scheme, coupling the boundary el-
ement and exact elasticity solutions, would provide a simple, direct,
and accurate determination of deformation and stress distribution
within these circular boundary lines. This is a desirable procedure
for practicalapplicationsinasmuchas the failure of pin-loadedplates
generally occurs at and near the loaded hole edge. Accordingly, we
have considered realistic pin-loaded structural components for ver-
ifying the direct boundary element method. In addition, they are
used to demonstrate the procedure of using the coupled boundary
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Fig.1 Boundary tractions for pin-loaded annulus.

element and elasticity solutions for points within two concentric
circular boundaries including the hole edge. For the convenience,
we refer to this region as the pin-loaded annulus.

II. Direct Boundary Element Method
for Pin-Loaded Plates

Inasmuch as the purpose of the study is to verify the direct bound-
ary element method established for the investigation of pin-loaded
plates, only one-half of a structureis modeled because of symmetry.
Generally orthotropiclaminatesloaded by a rigid pin are considered
in the general formulation.

A. Basic Relations and Conditions of Contact

Orthotropic laminates of finite size subjected to a pin displace-
ment 6 or load P in the longitudinal x direction are considered.
Effects of clearance and friction between a rigid pin and the hole
edge are accounted for in the general formulation. The geometry,
coordinate systems, and some symbols are shown in Fig. 2. The
angle 2« represents the total contact region, whereas the angle 28
identifies the no-slip region.

The relations of the compatibility in displacement must be satis-
fied on the no-slip contactsurface (—8 < ¢ < B) atr = R as follows:

Rcos¢p+u, =acosy + (e +9) (=B <¢ <pB) (la)

Rsing +u, = asiny (=B <¢<p) (Ib)
where ¢ and ¢ are polar angles of coordinatesfixed on the plate and
pin, respectively;u, and u, are displacementsof the hole edge in the
x and y directions, respectively;e is the clearance between the hole
andthe pin;and§ is the longitudinalmovementof the pin beyond the
first contact. In the slip region (8 <¢ <) and (—a <¢ < —f) at
r = R, the following compatibility of the displacementin the radial
direction of the pin and hole edge:

U, =u,cos¢ +u,sing
= e+ 6+ acosy]cosg +asiny sing — R

(—a<p=<-8 and B<¢p <a) (2a)

a
D=2R
SN
wi2
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a) Dimensions of pin-loaded laminate

hole center (origin of
the reference
system)

x(p=y=0)

contact at one
point C

b) Configuration of pin-loaded hole before deformation

P

slip region
/
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&' pin displacement
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¢) Configuration of pin-loaded hole after deformation

Fig.2 Geometry and coordinate systems for pin-loaded laminates.

and the force condition

176l = il (ra<¢p=—p and B=p<a) (2b)
must be satisfied, where u, is the radial displacement of the hole
edge and p is the coefficient of static friction between the pin
and hole edge. In the noncontact region along the hole edge
(¢ < ¢ <27 — ), the radial and shear stresses o, and T,4 are Zero.

Equations (1a), (1b), and (2a) involve the angle ¥ and ¢, which
identify the matching points of the pin surface and the hole edge
after deformation. Hyer and Klang'® and Hyer et al.'” simply take
Y = ¢ without giving specific explanation, whereas Lin and Lin?
used ayy = R¢ with reasons made on the basis of kinematics.

B. Direct Boundary Element Method

A direct boundary element method was developed and used by
Lin and Lin? for determining stresses around pin-loaded holes of
composite laminates. The basic equation for determining boundary
displacement with no body force is

Ku[(é)=/[Hf,~(x,$)l,~(X)—F[j(x,S)Mj(X)]dS(X) 3

in which « equals 1 when point £ is inside of S, 1 when & lies on
the smooth boundary surface S, and 0 when £ is outside of S; Fj;
and H;; are fundamental solutions for traction and displacements,
respectively, at a point x in i direction due to a unit force applied
at point & in the j direction;and u; and f; are the displacementand
traction, respectively. Other details and discussions on the use of
integral formulations for the direct boundary element method and
the fundamental solution can be found in Ref. 23. The discretization
of the boundary of the pin-loaded plate used by Lin and Lin? has
been refined and improved for enhancing computational efficiency.
Althoughdetails can be foundin Ref. 28, abrief accountis presented
here.
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The entire boundary is divided into M quadratic elements, which
consistof M., M,, and M, elements for slip contact regions, no-
slip contact regions, and the remaining non-contact hole edge and
the exterior boundary of the plate, respectively. Each element has
three nodes with two end nodes jointed to adjacent elements. Each
node of an element has two displacements and two traction compo-
nents. Because of geometric compatibility, only two displacement
components for each set of the common end nodes joined to adjacent
elements are used, althoughtwo tractioncomponentsare required to
describethe force state at each end node. From Eq. (3), we canrelate
the displacement vector of a nodal point p in terms of tractions or
displacements at all (2M) nodal points on the entire boundary as

M
%{u[”} =y [/S H/'NK dS:|{th}q
q

q=1

M
-3 [/S FPINK ds]{uf}"
;

g=1

(p=12,...,2M, K=1,23, i,j=12 @)
where NX is the shape function for the K thnode in the g th element.
In the slip region along the contactsurface of the hole boundary,one
requires one displacementcomponentdue to the geometric compat-
ibility Eq. (2a) and one traction component for the force condition
Eq. (2b) to be specified at each of the 2M,; nodal points. Thus, we

can rewrite Eq. (4) in the form
[Fl{u} +[F5] = [H]{r) )
where

(5] = [R5 1= [F oo

ij—1 ij—1

[FZI,-CI] = [ng] + {[6 +e +11COS<§¢>:| cos¢

FMe
+a sin<£¢> sing — R}u
a

sin ¢

~Mc1

[F[.j]=0

i=1,2,....,4M,  j=2,4,...,4M., (j=even) (6)

(A7) =[]+ [H5] (W)

ij—1 ij—1 ij cos¢ — psing

[A"']=0

ij

i=1,2,...,4M, j=2,4,...,6M., (j=even) (7)
in which [F], [H], and [F3] are 4M x (4M,. +2M., + 4M,),
4M x (6M,, . +2M. . + 4M,), and 4M x 1 matrices, respectively;
{u} and {t} have the dimensions of (4M,,. +2M. +4M,) x 1 and
(6M,. +2M . +4M,,) x 1, respectively. Using the 6M,,. +4M,,
tractions or displacements given from the boundary conditions at
all 2M,,. and 2M,, nodal points, Eq. (5) can be rewritten in the
following form:

[Al{X} = [BI{Y} ()

where [A] is a 4M x 4M matrix and {X} contains the 4M X 1 un-
known traction and displacement components, [B] is a 4M x
(6M,,. +4M,,) matrix, and {Y} contains the given (6M,. +4M,,)
boundary quantities. Note that if M, number of corner points on the
nc part of boundary can be identified, then 6M,,. can be reduced to
(4M,. +2M.). Clearly, if the entire boundary is perfectly smooth,
6M,,. can further be reduced to 4M,,..

The authors’ earlier work, presented in Ref. 23, only allows the
determinationof stressesaroundthe edge of the pin-loadedhole. The
method has been extended to include the determination of stresses

as well as displacements at any point in the plate to allow eventual
design applications. Using the fundamental solution in conjunction
with the displacements and tractions of the boundary elements, the
displacementat any point p of the structure can be determined from
the following equation:

[ul]= XM: |:/SH[’;‘1NK dS:|{tf}q - XM: {/S FlNK ds]{uf}"

g=1 g=1
i,j=1,2) 9

and the strain components &, (1), £,(622), and y,,(2¢12) can be
determinedsubsequently. Through Hooke’s law, we obtain the stress
components as follows:

M

)= 30| [ovtas sy - 35 | fuieas oy

g=1 g=1
(k=1,2) (10)

in which D;j; and U containthe material constantsand derivatives
of H;; and F;; with respect to &. Although Egs. (9) and (10) are
presented explicitly, the integrals involved in the equations must
be determined numerically. This may cause some difficulty in the

computational process.

III.  Elasticity Solutions for Annulus Plates

For the eventual verification purpose and applicationsof a scheme
that couples boundary element and elasticity solutions, we briefly
present basic results for stresses and displacements for annulus
plates from the elasticity solutions.

The general solution of the Airy stress function @ satisfying the
biharmonicequation for isotropic materialsis available in textbooks
on elasticity such as by Timoshenko and Goodier?® Because the
general solution of @ will eventually be used for pin-loaded plates
considered in the study, the part of the solution that is symmetrical
with respect to the x axis is given here:

& =aylnr + byr’ + %nﬁ sin¢ + (b1r3 +ajr!

+birin r) cos¢ + Z (a,,r” b dl

n=2

+b;lr_”+2) cosng (11D

in which a,, b,, a,, and b/, for n =0-00 are constants of integra-
tion. The relations between stresses and stress function @ in polar
coordinates without body force are

109 1 3% ERL

0, = —— —_—

ror | r? a2’ %= %

10d 13°0 (10D
o= e T T 502 - a3 \7 30
r2d¢ r d¢ or \r 3¢

(12)

Although solutions for stresses may be determined by direct differ-
entiation of ® in Eq. (11) using Egs. (12), the explicit expressions
are notcommonly availablein textbooks. We have derived them and
present them for the convenience of readers:

o, = agr~* + 2by + (alr_1 + 2br — 2air_3 + b’lr_l) cos ¢

+ Z [n(l —n)a, " 2+ m+2—n?b,r"

n=2

—n(1 +n)a,’lr_("+2)+(—n+2—n2)b;lr_”]cosn¢ (13)

05 = —agr—* + 2by + (6byr +2ajr > + b;r ') cos ¢

+ Z [n(n — Da,r" 2+ (n+2)(n + D)b,r"

n=2
+n(n+ Da,r-"+? 4+ (=n+2)(—n + Db,r "] cosn¢
(14)



974 LIN, LIN, AND WANG

Trp = (2b1r —2dr73 + bir‘l) sing + Z [n(n — Da,r" 2
n=2
+n(n+ Db,r" —n(n+ Da,r~"+? +n(1 —n)b,r "] sinng
(15)

Displacements are determined by using the following stress-strain-
displacementrelations in conjunction with Egs. (13-15):
_ ou, 1 u, 1duy,

1
GBS TE@ TV S ETAITSSE

(04) - I)CT,)

(16)
10u, duy uy 1

784& ar r G

Vi =

The general solutions for the radial displacement #, and circumfer-
ential displacement u,, are obtained as follows:

1
u, = z —(1+ vagr=" +2by(1 —v)r + [alllnfr

+b(1=3v)r* +a;(1+v)r 2+ b (1 —v)n r] cos ¢

- Z [n(1 +v)a,r" '+ [n(1 +v) = 2(1 — v)]b,r" !
n=2

—n(l+v)a,r "D —[n(1 +v)

+2(1 =) r~"" Y] cosng + f(¢) (17

1
Uy = E{[_(V +lnr)a; + S+ v)bir* + (1 +v)ayr—

+ (1= —tnr)]sing + Y [n(1 +v)a," !

n=2

+[n(l+v) + 41"+ n(1 +v)a,r~ "t + [n(1 + v)

—41b,r~® D] sin n¢}— /f<¢) dg + g(r) (18)

The arbitrary functions f (¢) and g(r) in Egs. (17) and (18) for de-
formation symmetrical with respect to the x axis are

f(@) =Jcose, gr)=0 19

in which J is an integration constant representing a rigid-body dis-
placementin the x direction.

IV. Verification of the Direct Boundary
Element Method

To verify the direct boundary element method numerically, the
following three classes of problems are considered: 1) isotropic an-
nulus plates under uniform internal and external pressures, 2) rect-
angular orthotropic plates with an open hole under uniform tension,
and 3) pin-loaded isotropic eyebar plates. Note that the computer
program developed is applicable to isotropic as well as orthotropic
plates.

A. Isotropic Annulus Plates

The elasticity solutions for isotropic annulus plates under uni-
form pressures may be found in textbooks in elasticity such as
Timoshenko and Goodier.”® The stress components and radial dis-
placement u, are as follows:

R2b2 o~ Fi 1 iR2 - obz
o = (Po—p)1 P D (20
b2 _ R2 r2 b2 _ R2
R2b2 o Vi 1 iR2 - obz
oy = — (Po—p)1 p D @n
b2 _ R2 r2 b2 _ R2

piRz — pobz
b2 — R2

u, =

L[ RD*(p, —pi) (L+V)

(22)

where R and b are the inner and outer radii of the cylinder and p;
and p, are internal and external pressures, respectively.

An annulus plate with £ =57.85 GPa and v=0.31 under var-
ious loading conditions of p; = p,, p; =4p,, and p, = p,/4 are
considered. The plate has an outer radius b/R =4. A total of 40
boundary elements are used. The stress distribution and displace-
ment are shown in Figs. 3-5. The results from the direct boundary
element method are essentially identical to the exact elasticity so-
lutions given in Egs. (20-22).

B. Orthotropic Plates with an Open Circular Hole

For the case of an infinite orthotropic plate with a circular hole
subjected to a uniform far-field tension, o in the x direction is con-
sidered. The stress distribution in the neighborhood of the hole,
according to Lekhnitskii et al.,* is as follows:

05 =0(E,/E,.)[—kcos® ¢ + (1 + n)sin? ¢] (23)

A BEM
———— ELASTICITY

O-OO T I T ' T I T I T I T
1.00 1.50 2.00 2.50 3.00 3.50 4.00
r/R

Fig.3 Radial stress in isotropic annulus plates (b = 4R) under uniform
pressures.

A BEM
—— ELASTICITY

‘1.00 T I T I T I T I T I T
1.00 1.50 2.00 2.50 3.00 3.50 4.00
r/R

Fig.4 Circumferential stress in isotropic annulus plates (b = 4R) under
uniform pressures.
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3.00
i A BEM
20 ELASTICITY
2.00
1.50 3 P =4p,
u, T
1.00 —
po
P, =D
0.50 _W
T p= . P,
-0.50 T T T T T T T T T 4 T T

1.00 1.50 2.00 250 3.00 3.50 4.00
r/R

Fig.5 Displacement of isotropic annulusplates (b = 4R) under uniform
pressures.

6.00

4 AA ———— 0° Elasticity »
100 AT e (0° /£45°/90°), Elasticity .
] —-—-90° Elasticity X

-2.00 L L L L D L R B
0 20 40 60 80 100 120 140 160 180
¢.deg

Fig.6 Circumferential stress alongr = R in the plate with an open hole
for composite laminates.

where

k=E./E,,

n= \/2[(E,\',\'/Eyy) - vxy] + (E,\'/\'/ny)
(24)

1 sin'g . 1 204y cos* ¢
E, E..

2 2
G E. > sin” ¢ cos”™ ¢ + E, (25)
where E,,, E,,, G,,, and v,, are material constants with reference
to the x and y coordinates.

An infinite plate for three different composite laminates having
0-, (0/445/90),-, and 90-deg stacking sequences are considered
for verification. The properties of each layer with respect to the
principal material axes are E;; = 1200 GPa, E»; = 600 GPa, G, =
70 GPa, and v;, = 0.6568. For the boundary element model, we con-
sider L=W and R=0.1W =12.7 mm, which represents a large
plate inasmuch as the edge dimensions are much larger than the
hole radius. A total of 49 boundary elements is used. The stress dis-
tribution of o, per unit applied far-field stress along the hole edge
is determined. Comparisons of results are shown in Fig. 6 for O-,
(0/£45/90),-, and 90-deg laminates, respectively. Present results
agree extremely well with the theoretical solutions given in Eq. (23)
by Lekhnitskii et al.>

a) Pin-loaded model

Main plate

End plate

b) Geometry
Fig.7 Pin-loaded model and geometry of eyebars.

Fig. 8 Boundary tractions of the endplate of eyebars.

C. Pin-Loaded Isotropic Eyebar Plates

Eyebars are commonly used structural components. The geome-
try, coordinate systems, and some symbols are shown in Fig. 7. The
plane geometry of an eyebar of uniform thickness may be viewed
as having a rectangular main plate of width 2d and a circular end
plate of radius b. The endplate is considered as the pin-loaded an-
nulus. The transition from the edge of the main plate to the edge
of the endplate is connected by a circular arc of radius R, with a
common tangent at the endpoints C; and C, of the transition curve.
The coordinates of the center of curvature O, of the transition arc,
as shown in Fig. 7b, are

x =—(R.+ b)cosb, y=R.+d 26)
from which
. R.+d bsinf — d
sinf = or R. = —— — 227
R.+D 1 —siné

in which 6 is the angle locating the endpoints of the transition arc
for a given R,.

Following our consideration mentioned in the Introduction, we
first determine the nodal tractions along r = R and b as shown in
Fig. 8 by the direct boundary element method. The tractions along
the boundaries are then closely represented by convenient contin-
uous functions so that elasticity solutions for the region R <r <b
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and 0 < ¢ <7 can be obtained for verifying boundary element re-
sults. The elasticity solutions then can be used to calculate stresses
and displacements directly in this region of pin-loaded annulus for
eventual applications. This procedure appears to be simple to use,
which would be convenient to practice engineers for checking po-
tential weak points against failure. Accordingly, we represent the
variation of each boundary traction component by a linear combi-
nation of functions. In this study, sinusoidal functions are used in
all illustrative examples as follows:

mi

Dir = Ay + Z A,, cosme for

m=1

0<¢p<a (28)

mo

Pir = Z Af sinme for 0<¢=<a (29)
m=1
m3
DPor = By + Z B, cosm¢ for T—0<¢=<m (30
m=1
my
Dot = ZB:; sinme for m—-6<¢=<nm (3D
m=1

in which sufficiently large values of m,, m,, ms, and m, are selected
to give close representations of the boundary element data. The
radial stresses p;, and tangential stresses p;, at the nodal points
along r =R are calculated from Eq. (8), and p,, and p,, at the
nodal points on the circle r = b are obtained by Eq. (10). With these
given stresses at nodal points and the use of a least-square curve-
fitting technique, the values of coefficients A,,, A* , B,,, and B} for
describing the boundary traction variationsin Eqs. (28-31) are then
determined. Hence, Eqs. (28-31) become the analytical boundary
conditions for the elasticity problem. Consequently, by using Eqs.
(13)and (15), the unknown Fourier coefficients a,, and b, involvedin
Eq. (11) canbe solved when these boundary conditionsare satisfied.
The derivation of the general solutions for a, and b, in terms of A,,,
A%, B, and B} can be found Ref. 28. Their results are given in
Egs. (A1-A14) in the Appendix.

For illustrative purposes, we consider an isotropic eyebar, as
shown in Fig. 7, with E=57.85 GPa, v=0.31, and e=pu=0
under a uniform far-field stress o. The geometrical dimensions
are L/R=16,d/R=2,b/R=4, R=12.7 mm, 0 =45 deg, and
R.=35.921 mm. A total of 50 boundary elements for the model are
used.Because u = 0is consideredin the presentstudy, p;; = A} =0.
The boundary tractions of the endplate are shown in Fig. 8. By tak-
ing m; =8 for p;, and m3; =m, =6 for p,, and p,,, the boundary
element results are very closely represented by Egs. (28-31), as
shown in Figs. 9 and 10. The contact angle o rounded to the near-
est degree is 90 deg. The values of the coefficients for describing
boundary traction distributions for this case are given in Table 1.
Note that according to the numerical calculations the contact angle

¢.deg
0 10 20 30 40 50 60 70 80 90 100
0.00 1 | 1 I 1 I I | 1 ] 1 l 1 I L | i I 1

-0.20 —

-0.40 —

Q

r -0.60 —| A BEM

o 1 ———ELASTICITY (m, =8)
-0.80

-1.00 —

-1.20 —{

-1.40 —| A

-1.60 —

-1.80 —

-2.00 _w

-2.20

Fig. 9 Normal stress over the contact surface of eyebars: o =90 deg.

Table1 ConstantsA,,, B, and B;‘, for eyebar:
m;=8,m3y=my=6

m ‘Iir(Am) ‘Ior(Bm) ‘Iot(B;;)
0 4,866.706 —106,947.537 e
1 —8,964.784 —185,257.177 —707.412
2 6,975.957 —119,433.405 —1,105.986
3 —4,547.015 —55,857.743 —1,016.611
4 2,439.886 —17,965.561 —594.923
5 —1,045.625 —3,559.933 —204.492
6 339.253 —327.522 —31.517
7 —74.998 e _
8 8.597 e _
0.90
0.80 —|
0.70 —|
0.60 —|
0.50 —|
Stresses .40 ]
e i
0.30 —{
0.20 —| 4
010 £ — ELASTICITY (m,=6)
-4 £ LN
000 dae” ELASTICITY (m, =6)
-0.|0|||||||||l|||||||

135 140 145 150 155 160 165 170 175 180
.deg

Fig. 10 Stress distribution along the outer surface of the end eyebar
plate: 6 =45 deg.

A BEM
——— ELASTICITY (VN =16)

Stresses

o
o 1 ¢
o

'0.50 T I T I T I T | T I T
1.00 1.50 2.00 2.50 3.00 3.50 4.00
r/R

Fig.11 Stress distribution along ¢ =90 deg in the end eyebar plate.

for no clearance case (e =0) is essentially independent of o, and
o =1 GPa is used in the numerical examples.

Numerical results obtained by using the explicitexpressionshave
been verified by MATHEMATICA resultsfor confirming the deriva-
tions and computer program. The maximum number N =16 is
found to given sufficiently accurate results and is used through-
out. The stress distribution and displacements along ¢ =90 deg
in the pin-loaded annulus of the eyebar are shown in Figs. 11
and 12. In Fig. 13 the normal stresses o, and o, and the shear
stress 7,4 along r=2R are presented. The results shown that
boundary element results and elasticity solutions agree extremely
well.
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Fig. 12 Displacements along ¢ = 90 deg in the end eyebar plate.
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Fig. 13 Stress distribution along r = 2R in the end eyebar plate: b =4R
and N = 16.

V. Boundary Element-Elasticity Solution
of Pin-Loaded Plates

To illustrate the coupled boundary element-elasticity procedure,
we presentthe analysis of three pin-loaded plates having potentially
practical geometries. They are eyebars as shown in Fig. 7; rectangu-
lar plates with a circular edge, such as plate 1 as shown in Fig. 14;
and full rectangularplates, such as plate 2 as shown in Fig. 15. In all
examples, we assume E = 57.85 GPa, v=0.31, e=pu =0, and all
plates are under a uniform far-field stress o. A total of 50 boundary
elements for the models are used.

Eyebars

The radius of curvature R, = b for the transition curve (as shown
in Fig. 7b) is used, where b is the radius of the outer surface of
the pin-loaded annulus. Therefore, the angle 6 determined from
Eq. (27) becomes

0 = sin~'[(b + d)/2b] (32)

The geometricaldimensionsof L/R = 16and H = 1 mm are consid-
ered. The boundary tractions of the pin-loaded annulus determined
by the boundary element solutions for eyebars with b/ R = 3, 4, and
5 corresponding to 6 = 56.54, 48.59, and 44.43 deg, respectively,
are obtained first. They are closely represented by Eqs. (28-31), as
shown in Figs. 16-18, by taking m; = m; =m, =6 for p;,, p,,, and
Dor. The contact angles @ rounded to the nearest degree are 92, 91,
and 90 deg, respectively;the constants involved in Eqgs. (28-31) for
this case are shown in Table 2.

| L

a) Rectangular plates with a circular edge

b) Stress distributions along the boundary

Fig.14 Geometry, coordinate systems, and boundary tractions of pin-
loaded rectangular plates with a circular edge.

y

!

Pin-loaded ™ .
Annulus r

I L |<— d, ———»!

a) Geometry and coordinates

b) Boundary tractions of pin-loaded annulus

Fig.15 Geometry, coordinate systems, and boundary tractions of pin-
loaded rectangular plates.

Plate 1

The geometric shape with b/R = 4 for plate 1 is shown in Fig. 14.
The dimensions are L/R=16, d;/R=5, and H=1 mm. The
boundary tractions of the pin-loaded annulus along r =R and b
by the direct boundary element method using m; =m3;=m,;=06
are shown in Figs. 18-20. The contact angle o rounded to the near-
est degree is 87 deg, and the constantsinvolved in Eqs. (28-31) are
listed in Table 3.
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Table 2 Constants A,,, B,,, and B;‘, for pin-loaded eyebars: my =m3=m4=6
b/R =3 (¢ =92 deg) b/R=4 (e =91 deg) b/R=5 (¢ =90 deg)
m ‘Iir(Am) ‘I{Jr(Bm) ‘Iot(B;;) ‘Iir(Am) ‘I{Jr(Bm) ‘Iot(B;;) ‘Iir(Am) Gor (Bn) ‘Iot(B;;)
0 107.462 —13,391.014 e 138.243  —2,251.605 _ 139.369  46,501.230 _
1 —195.260 —23,444.675 997.757 —250.498 —3,741.960 —1,403.469 —252.169 80,998.541 —4,208.346
2 137.772  —15,607.166  1,310.356 177.469 —2,089.906 —1,901.655 177.933  53,113.101 —5,528.350
3 —75.556 —7,705.987 947.260 —98.146 —701.415 —14,48.947 —97.869 25,579.681 —4,002.185
4 31.058 —2,677.446 421.827 40.656 —81.781 —698.063 40.173 8,592.216 —1,795.073
5 —8.670 —587.033 108.949 —11.427 28.067 —200.598 —11.138 1,807.421 —471.156
6 1.261 61.263 12.516 1.672 8.802 —26.464 1.596 179.883 —55.790
Table3 Constants A,,, B,,, and B;‘l for plates 1 and 2: m; =m3 =m4 =6
Plate 1 (¢ =87 deg) Plate 2 (¢ =86 deg)
m qir(Am) qor(Bm) ‘Iot(B;;) qir (Am) qor (Bm) ‘Iot(B;;)
0 398.300 —-9.708 e 358.844 0.274 e
1 716.413 —18.399 0.276 —645.665 —-0.412 0.071
2 502.843 —12.805 —0.186 452.200 0.245 —0.365
3 —273.698 —17.539 0.126 —245.369 —0.088 0.179
4 110.492 —3.210 —0.129 98.723 —0.033 0.114
5 —~29.920 —0.877 —0.146 —-26.597 0.017 0.085
6 4.158 —-0.112 —0.047 3.676 0.0005 0.053
¢,deg 0.60 |
0 10 20 30 40 S50 60 70 8 90 100 i A BEM
R B B o I R 050 -] ——— b=3R ELASTICITY
1 i N A b=4R ELASTICITY
-025 7 i ] At —— b=5R ELASTICITY
7 A BEM i 0.40 — A
-0.50 — —— b=3R ELASTICITY i £ )
1 e b=4R ELASTICITY 4 . 1 £ 1/ *
075 —-—- b=5R ELASTICITY /i % 430 i 2
' c ) / P\
7 R
0.20 ; / 4
/
0.10 | fof k
Lt
1 S
R
e e e I e e e e e I B
SO 120 130 140 150 160 170 180
ep g4 O bdeg
Fig. 18 Shear stress on the outer surface of pin-loaded annulus of
Fig.16 Radial stress along the hole of eyebars: m; = 6. eyebars: my = 6.
Plate 2
A full rectangularplate with b/R =4 is shown in Fig. 15. The ge-
ometrical dimensionsare L/R=17,d,/R =5,and H =1 mm. The
050 ] boundary tractions along r = R and b found by the direct boundary
080 — element method using m; =m; = m, = 6 are shown in Figs. 19-21.
4 The contactangle o rounded to the nearest degree is 86 deg, and the
070 constants involved in Egs. (28-31) are shown in Table 3.
1 Using the generated constants given in Table 2 or Table 3 for
060 5 whichever case is under consideration, one can routinely calculate
0o ] / the Fourier coefficients given in Eqs. (A1-A14) in the Appendix for
| determining stresses and displacements at any point of interest in
= 040 — ; the pin-loaded annulus according to Egs. (13-15), (17), and (18).
1 Sy Hence, the data presented in Tables 2 and 3 may be used for future
0.30 — o A BEM reference or direct practical applications.
J £ — b=3R ELASTICITY
020 e b=4R ELASTICITY
- i7 —.—- b=5R ELASTICITY Example
0.10 — L L For illustrative purposes, we consider the class of eyebars with
E e /"1 b/R=3,4,and 5 and e = u = 0. The angles 6 are 56.44,48.59,and
0.00 L e L L 44.43 deg; the contact angles « rounded to the nearest degree are
120 130 140 ‘50 160 170 130 92,91, and 90 deg, respectively. The constants given in Table 2 are
$deg used. The coupled boundary element-elasticity solutions are pre-
Fig. 17 Radial stress on the outer surface of pin-loaded annulus of sented in Figs. 16-18 and 22. Figures 16-18 show close represen-

tations of boundary element data for the pin-loaded annulus using
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Fig. 19 Radial stress along the hole edge of plates 1 and 2: m; = 6.
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Fig. 20 Radial stress on the outer surface of pin-loaded annulus of
plates 1 and 2: m3 =6.

0.60
A BEM LUA
0507 Plate 1 ELASTICITY
1 ——-Plae2ELASTICITY |
040 — .
030 —
Trp i
c 020 —
0.10 —
- ‘
000 T I T I T ' T I K T [ T I T ] T l T
b \\‘20 40 60 Sé 100 120 140 160 130
-0.10 - . /‘/ ¢.deg
Taa A A

-020

Fig.21 Shearstress onthe outer surface of pin-loaded annulus of plates
1and 2: my4=6.

Eqgs. (28-31). Because the failure of isotropic eyebars would most
likely to occur on the hole edge, the circumferential stresses o, are
computed there to provide the complete state of stress at points of
the hole edge for potential examination against failure. Results on
o4 computed using the elasticity solutions are as shown in Fig. 22.
We have found that the use of the boundary element-elasticity solu-
tion scheme is efficient and more convenient than completely using
the boundary element procedure.

T 71
0.50 20 40 60 80 100 120 140
he b.deg

-1.00

Fig.22 Circumferential stress along hole edge of eyebars.

VII. Conclusions

A directboundary element method was established and used suc-
cessfully by Lin and Lin® in the study of stresses around pin-loaded
holes of composite laminates. The method has been extended to in-
clude the determinationof stresses and displacementsat any pointin
the plate. The computationalalgorithmhas also beenrefined and im-
proved somewhat to enhancethe efficiency. The method, procedure,
and computer program have been verified by elasticity solutions nu-
merically,usinga variety of cases for plates with and without pins. A
coupled boundary element-elasticity solution method is presented.
The analysis procedure of the method, requiring minimal computa-
tional effort, is effective and efficient. The computational scheme,
which is simple to use and provides accurateresults, should be con-
venient for direct practical applications.

Appendix: Solutions for a,.b,.a,, and b,

The Fourier coefficients for annulus plates of a,, b,, a,, and b/,
are obtained as follows:

LGH PP SV M
ay = ——— o — — sinma
0 (0 — RY) 0 0 o
ms3 B
+ Z — sinm(x — 6) (AD
m
m=1
1 2 2 - R
by = ——| —AoR*a + Byb*0 — Yy ———sinma
0 (b — R 0 0 mZ=1
ms 72
+ Z — sinm(w — 6) (A2)
m=1
R o Am

= —|Aja— Apsina +
a . 10 0 o Z

m=0

T sin(m + 1)«

mi A R ma A*
+ m H _ 1 N A* _ m
mzzzm_lsm(m ) - 1o ;m+l
X sin(m + D+ Y == sin(m — D (A3)

m=2’ln_1

1 2 2\p7 3 3
b, :m[—(b —RHD + S, — RS, (A4)
R*b* b* — R?)b' S. S
ai = ( ) L —--= (AS)
2(b* — R%) b2R2 b R
—a,(1 —
p ===y (A6)

! 4
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h 2 [
where Sn4 = _/ Pot sin n¢ d¢
1 m2 A* T Jr-0
S, = ;[A*a—zlm+151n(m+l)a )
Mmoo A - —( ncosn(mwr — 0)sinm(w — 6)
+ Y = sin(m — l)oz:| (A7) w L=1 m? —
m=2 m—1
= +mcosm(mw — 0) sinn(wr — 0)) for m#n
1 my
Sy =B} + — { Bi(w =)+ ) —2=sin(m + 1)(x —6) 2t 1
m=1" —| =+ —sin2n(x —0) for m=n
e T2 4n
- Z = sin(m — 1)(r - 9)} (A8) (Al4)
m—2 M Note that the quantities S,;, S,2, S,3, and S,4 in Eqs. (A11-A14)
and the coefficients of a,, by, a’, and b forn=2,3, ..., N are corresponding to Eqs. (28-31) have been explicitly obtained. The

integrals involved in various quantities can be directly evaluated by

determined from the following equations in matrix form: MATHEMATICA once pi,, Pir, Por, and py, are specified.

ay Snl
b,| _ [ C—,]—l Sz (A9) Acknowledgment
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[C] _ n(n —1)R n(n+1)R n(n+ )R n(n —1)R (A10)
—nn—Db""2 —n=2m+Db —nn+Db "D —m+2)(n— l)b‘”J
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